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This paper is on the Nth power residue addition sets. Their multiplier groups 
are determined. An improved version of the necessary and sufficient conditions 
for the existence of a residue addition set or a modified residue addition set is 
also given. A search of Nth power residue addition sets for N < 12 is also done. 
Two new classes of addition sets are found. 
1. INTRODUCTION 
A (v, k, h, g)-addition set A = (a, ,..., a,}, or simply an addition set, is a 
collection of k distinct residues modulo v, such that for any residue y + 0 
(mod v) the congruence 
ai + gaj = y (mod v) 
has exactly X solution pairs (ai , aj) with ai and aj in A. 
(1.1) 
A (v, k, h, -1)-addition set corresponds to a cyclic difference set. 
In [5] and [6], other examples of addition sets were given. Many of those 
examples are related to the Nth power residues. They all arise from a 
generalization of a result of E. Lehmer on cyclic difference sets ([S, 71). In 
this paper, we continue the study of addition sets arising from Nth power 
residues. In particular, we will determine their multiplier groups and find 
the exact values of g. Then we will determine the existence or nonexistence 
of residue addition sets for N < 12. 
2. PRELIMINARY REMARKS 
First of all, we define some terms and quote some results. 
A parameter d is defined by letting d + h be the number of ways that 0 
can be represented as (ai + gaJ modulo v with ai and aj in the addition 
set A. 
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To avoid degeneracy, we require a nontrivial addition set to satisfy 
l<k<v-1. (2.1) 
By some simple counting methods, we can find many relations among the 
parameters (see [5]). Two of those results we will use are that the para- 
meters satisfy 
0 < x < 12, (2.2) 
and 
k2 = d + Xv. (2.3) 
Without loss of generality, we can also restrict the value of g to the range 
o<g<v--1. 
However, we often write g = - 1 instead of g = v - 1. One of the main 
results on addition set is the following theorem ([4, Chap. 51). 
THEOREM 2.1. There are no nontrivial addition sets with g = 1. 
Given a set A = {a, ,..., a,} modulo v, then for any integer s the set 
{a, + s,..., a, + s} = A + s taken modulo v is a shift of A by s. If t is 
relatively prime to v and if the set (tal ,..., ta,) = tA taken modulo v 
is some shift A + s of the original addition set A, then t is called a multiplier 
ofA.Ift+ 1 (mod v), then t is a nontrivial multiplier. If tA E A when 
taken modulo v, then t is a multiplierfixing the addition set A. It is a simple 
matter to prove that the set of multipliers form a group under multiplica- 
tion modulo v. 
The following two results from [5] established the existence of multi- 
pliers for many addition sets. 
THEOREM 2.2. Let A be a nontrivial (v, k, h, g)-addition set with d # 0. 
Given any integer h prime to v, A is also a (v, k, h, h]-addition set if and only 
ifgh is a multiplierjixing A. 
COROLLARY 2.3. Let A be a nontrivial (v, k, h, g)-addition set with 
d # 0. Then g2 is a mult@lier$xing A. 
If g2 + 1 (mod v), then Corollary 2.3 gives us a nontrivial multiplier 
for the addition set. 
We will now introduce some material from the theory of cyclotomy. 
For a proof of some of the results quoted, please see [l] or [9]. 
Let v = Nf f 1 be an odd prime and let 01 he a fixed primitive root of v. 
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An integer R is said to belong to the index class I with respect to 01 if there 
exists an integer x such that 
R = aNxfz (mod v). 
The cyclotomic number (1, m)N counts the number of times R + 1 belongs 
to the index class m when R belongs to index class 1. That is, (1, m)N is the 
number of solutions X, y for the congruence 
where the integers x, y are chosen from 0, l,..., f - 1. We will sometimes 
write (1, m) for (1, m)N if the value of N is clear. 
Given an odd prime ZI and an integer N, the set of residues belonging 
to the index class 0 is called the set of Nth power residues modulo v. It 
should be noted that this set of Nth power residues does not depend on the 
choice of the primitive root and it forms a subgroup of the group of non- 
zero residues modulo v. 
THEOREM 2.4. (a) (1, m)N = (1’, YM’)~ when 1 E 1’ and m E m’(mod N). 
(b) (I, m)n = (N - 1, m - 1)N = 
i 
(m, l>N f even, 
(m + N/2,1 + N/2>N f odd. 
N-l 1 1 = 0 (mod N) f even, 
(c> m;. (1, m>N = f - n, , where n, = 
I 
1 1 = N/2 (mod N) f odd, 
0 otherwise. 
N-l 
(d) c (1, m)N = f - s, , where s, = 
I=0 I 
h ~~r~is~ 
(e) - 1 is in index class 
I 
0 if f is even, 
N,2 
if fisodd. 
The following result from [5] is a generalization of a result of E. Lehmer 
on cyclic difference sets [7]. 
THEOREM 2.5. Let e be the index class that g belongs to. A necessary and 
sujficient condition that the Nth power residues of a prime v = Nf + 1 form 
a (v, k, )I, g)-addition set, is that 
(e,i)N=h for i=O,l,..., N-l. 
A necessary and suficient condition that the Nth power residues and zero 
for a prime v = Nf + 1 form a (v, k, )I, g)-addition set is that 
1 + (e, O), = 1 + (e, e)N = (e, i)N = Xfor i = l,..,, e - 1, e + I,..., N - 1. 
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We will call an adition set consisting of the Nth power residues a residue 
addition set. An addition set consisting of the Nth power residues and zero 
will be called a modljied residue addition set. 
In the next section, we will give some improvement of Theorem 2.4. 
which make it easier to be used. 
3. THE MULTIPLIER GROUP 
We first determine the multiplier group of a nontrivial residue addition 
set. 
THEOREM 3.1. The multiplier group of a nontrivial residue addition set 
is the addition set itself. 
Proof. Let A = {a, ,..., ak} be the addition set. Since the set of residues 
is a subgroup of the group of nonzero residues modulo v, ii is clear that 
every a in A is a multiplier fixing the addition set A. 
We next have to prove that every multiplier t is an Nth power residue. 
Suppose that t is not an Nth power residue. We let T be the index class 
that t belongs to. By assumption, 7 # 0. Since t is a multiplier, there exists 
an s such that tA = A + s modulo ZI. Since all the residues in tA are in the 
index class T, s cannot be equal to 0. Hence s is a nonzero residue and we 
let u be the index class that s belongs to. Using the fact that t is a multiplier, 
we have that for all a E A, there exists b E A such that 
a+s= tb(modv). (3.1) 
Rewriting (3.1) as 
as-l -I- 1 ZE tbs-l (mod v), 
we have effectively shown that 
(N - o, T - P)~ = k. 
Using part (b) of Theorem 2.4, (3.2) implies that 
(u, T)~ = k. 
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In the case of residue addition sets, k =J Hence (3.3) and (3.4) implies 
that 
(a,v = 0, for all j # 7. (3.5) 
Iffis even, then part (b) of Theorem 2.3. implies that 
Hence (e, G)~ = 0 or k depending on whether e # T or e = T, respectively. 
Here e is the index class that contains the parameter g. Theorem 2.5 implies 
that A is either 0 or k. Both of which are impossible according to (2.2). 
If f is odd, then (3.5) implies that (j + N/2, u + N/2), = 0 for all 
j # 7. Hence (e, cr + N/2), is equal to 0 or k depending on whether 
e+ 7 $ N/2 (mod N) or e = 7 + N/2 (mod N), respectively. In any case, 
it is impossible by (2.2) and Theorem 2.5. Hence we have finished the proof. 
Theorem 3.1 has some interesting corollaries. 
COROLLARY 3.2. Let A be a nontrivial (v, k, h, g)-addition set consisting 
of the Nth power residues of a prime v = Nf f 1. Let e be the index class 
that contains g. Then the following statements are true. 
(a) N is even. 
(b) e = N/2. 
(c) iff is odd, then d = k - X and the addition set is also a dgference 
set. 
(d) Iff is even, then d = --h. 
Proof. Let us first prove that d is equal to either k - X or -A and that 
it is not equal to zero. Recall that d is defined by letting d + h be the 
number of ways that 0 can be represented as (ai + gaj) module v with ai 
and aj in the addition set. For a residue addition set, the sum a, + ga, 
can also be written as the sum x + y with x being any residue in the index 
class 0 and y any residue in the index class e. Hence the number 
of ways that 0 can be represented as x + y modulo v depends on whether 
- 1 is in the index class e. If - 1 is not in the index class e, then d + h = 0. 
If -1 is in the index class e then d + h = k. With the condition (2.2) that 
0 < h < k, we have that d f 0. 
Since d # 0, Corollary 2.3 implies that g2 is a multiplier fixing A. By 
Theorem 3.1, g2 is an Nth power residue and we have that 
2e = 0 (mod N). (3.6) 
If N is odd, then (3.6) implies that e = 0. This means that g can be taken 
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as any Nth power residues. In particular, we may choose g = 1. However, 
Theorem 2.1 asserts that there are no nontrivial addition sets with g = 1. 
Hence part (a) is proved. 
If N is even, then (3.6) implies that either e = 0 or e = N/2. An argu- 
ment similar to the previous paragraph proves that e cannot be 0. Hence e 
must be equal to N/2. Hence we have proved part (b). 
Iffis odd, then part (e) of Theorem 2.4 asserts that -1 is in the index 
class N/2. Hence d = k - X. Since g can be any residue in the index class 
N/2, we can choose g to be - 1. Hence the addition set A is also a difference 
set and we have proved part (c). 
Iffis even, then part (e) of Theorem 2.4 asserts that - 1 is in the index 
class 0. Hence d = --h. 
Similar results can be proved for modified residue addition sets. 
THEOREM 3.3. The multiplier group of a nontrivial modiJed residue 
addition set is the set of Nthpower residues. 
Proof. It is again clear that every Nth power residue fixes the addition 
set A. 
Suppose that t is a multiplier of A and t is not an Nth power residue. 
There exists an s such that tA = A + s modulo 0. First of all, s f 0. 
For ifs = 0, then tA = A, which implies that t is an Nth power residue. 
Moreover, s is also not a residue in the index class 0. This is because 
0 E A and there exist an a E A such that ta = 0 + s (mod v). Since s # 0, 
we must have a # 0. Hence, ifs is in the index class 0, then t is also in the 
index class 0, contrary to our assumption. 
We next prove that s must be in the index class N/2. In fact, we will 
prove that s, t and - 1 are all in the index class N/2. Using the fact that t is 
a multiplier and that 0 E A, we have that 
t x O=b+s(modv) (3.7) 
for some b E A. 
Congruence (3.7) implies that -s is in the index class 0. By Theorem 2.4 
-1 is either in the index class 0 or N/2. IIence, s is in either the class 0 or 
N/2. However, s is not in the class 0. Hence s must be in the class N/2 
and this implies that -1 is also in the class N/2. From ta = s (mod v), 
we also conclude that t is in the index class N/2. 
Next, we will prove that (N/2,0), = k - 1. Since tA = A + s (mod v), 
for every nonzero a G A, there exist a b E A such that 
ta = b + s(modu). (3.8) 
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Congruence (3.8) can be rewritten as 
bs-l + 1 = @s-l (mod 0). (3.9) 
Since both t and s are in the index class N/2, (3.9) implies that (N/2,0), = 
k - 1. For a modified residue addition set, k = f + 1. Hence 
(N/2,0), = $ However, part (d) of Theorem 2.4 implies that CLi’(i, 0) = 
f - 1. Since all the cyclotomic numbers are positive, we have a contra- 
diction to the assumption that t is a multiplier not in the index 
class 0. 
COROLLARY 3.4. Let A be a nontrivial (v, k, X, g)-addition set consisting 
of 0 and the Nth power residues of a prime v = Nf + 1. Let e be the index 
class that g belongs to. Then the following statements are true. 
(a) N is even. 
(b) e = Nf2. 
(c) Iff is odd, then d = k - X and the addition set is also a difference 
set. 
(d) Iff is even, then d = -(X - 1). 
Proof. Let us first prove that d is equal to either k - X or -(X - 1) 
and that it is not equal to zero. Again we count the number of ways that 
0 can be represented as (ai + gaj) modulo v with ai and a? in the addition 
set A. There is at least one way to represent zero, namely by choosing both 
ai and aj to be 0. On the other hand, the sum cannot be congruent to zero 
module v if ai = 0 and aj Z 0 or vice versa. We still have to count the 
number of representations of zero with both ai and a, nonzero. We are 
now in a case considered before in the proof of Corollary 3.2. There we 
proved that if -1 is not in the index class e, then zero cannot be 
represented; and that if - 1 is in the index class e, then the number of ways 
to represent zero is f, which is k - 1. Hence we have shown that if - 1 is 
in the index class e, then d + h = k; and that if - 1 is not in the index 
class e, then d + X = 1. With the condition that 0 < h < k, we have that 
d # 0 except in the case when h = 1. However if X = 1 and d = 0 then 
the relation (2.3) would imply that v = k2, contradicting the assumption 
that v is a prime. 
The rest of the proof is almost the same as that of Corollary 3.2 and is 
left to the reader. 
Corollaries 3.2 and 3.4 are mainly used to reduce the number of possi- 
bilities one has to consider when applying Theorem 2.5. Further improve- 
ments are possible. The condition that the Nth power residues form an 
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addition set is that (N/2, QN = h for i = 0, l,..., N - 1. By part (b) of 
Theorem 2.4, (N/2, & = (N/2, i - N/2), . Hence, the condition can be 
replaced by the condition that (N/2, i)N = X for i = 0, I,..., N/2 - 1. 
Similarly, the condition that the Nth power residues and zero form an 
addition set can be reduced to 1 + (N/2,0), = (N/2, i),,, = h for i = 
1, 2,..., N/2 - 1. 
As a summary, the improved version of Theorem 2.5 is as follows. 
THEOREM 3.5. Let e be the index class that contains g. Necessary and 
suficient conditions that the Nth power residues of a prime v = Nf + 1 
form a (v, k, A, g)-addition set, are that N is even, e is N/2 and that 
(N/2, i),,, = h for i = 0, l,..., N/2 - 1. 
Necessary and sujicient conditions that the Nth power residues and zero for 
a prime v = Nf + 1 form a (v, k, A, g)-addition set are that N is even, e 
is N/2 and that 
l+(N/2,O),=(N/2,i),=X for i= I,..., N/2-1. 
4. APPLICATION 
In this section, we will determine the existence or nonexistence of residue 
addition sets and of modified residue addition sets. By Theorem 3.5, we 
only have to consider those N’s that are even and those g’s which are in the 
index class N/2. Moreover, for an even N, we have to know the cyclotomic 
numbers (N/2, i) for i = 0, I,..., N/2 - 1. In the study of cyclic differences 
sets, tables of cyclotomic numbers for even N’s have been calculated. We 
will also restrict ourselves to the search of addition sets which are not 
difference sets. By Corollaries 3.2 and 3.4, we will only consider f being 
even, since the cases off being odd correspond to difference sets. We will 
start at N = 2 and stop at N = 12. 
The case N = 2 and f even has been studied in [5]. The quadratic 
residues of a prime v = 4t + 1 form an addition set with parameters 
v, k, h, d = 4t + 1, 2t, t, -t. The modified residue addition sets are 
equivalent to the residue addition sets. This is because their complements 
consisting of those residues modulo v which are quadratic non residues 
are again addition sets. If we multiply these sets of quadratic: non residue 
by any nonresidue, then the result will be the residue addition sets. Those 
are all the possible cases for N = 2 and f even. 
The case N = 4 and f even has also been studied in [5]. For primes 
v = 16t2 + 1, their 4th power residues form an addition set with param- 
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eters L’, k, X, d = 16t” + 1, 4t2, t2, -t2. For primes v = 16t2 + 9, their 
4th power residues and zero form an addition set with parameters 
U, k, A, d= 16t2 + 9, 4tZ + 3, t2 + I, -tZ. Those are all the possible 
cases for N = 4 and f even. 
For N = 6 and f even the cyclotomic numbers are given in [2]. These 
numbers depend upon the d.ecomposition of the prime p as 4p = 
L2 + 27M” with L = 1 (mod 3). They also depend upon whether 2 is a 
cubic residue or nonresidue. By the theory of quadratic forms, the decom- 
position 4p = L2 + 27&P uniquely determines Lz and M2. The con- 
gruence L = 1 (mod 3) determines the sign of L. The sign of M depends 
on the primitive root a: used to determine the cyclotomic numbers. 
Let 2 be a cubic residues of p. Then the cyclotomic numbers (3, 0), 
(3, 1) and (3, 2) are given by 
and 
36(3, 0) = p - 5 + 4a, (4.1) 
36(3, 1) = p + 1 - 2a, (4.2) 
where 2a = -L. 
36(3, 2) = p + 1 - 2a, (4.3) 
If the 6th power residues form an addition set, then by Theorem 3.5 
we would have 
p+l--2a=p-5+4a, 
or that 
a = 1. 
Hence L = -2 which satisfies the congruence L = 1 (mod 3). The equa- 
tion 4p = 4 + 27M2 implies that M must be even and hence p = 1 + 27m2 
for some integer m. However p = 6f + 1. Hence m must still be even and 
p = 1 + 108~2~ for some integer n. Since L = -2, the hypothesis that 2 is 
a cubic residue ofp is also satisfied 19, p. 361. Thus we have the following 
new class of addition sets. 
THEOREM 4.1. The 6th power residues of a prime of the form 
v = 1 + 108n2 form an addition set with parameters v, k, X, d = lo&z2 + 1, 
1 8n2, 3n2, - 3n2 and g is any residue in the index class 3. 
ProoJ: The above discussion establishes the fact that those 6th power 
residues do form an addition set. The actual values of the parameters can 
easily be calculated. 
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The smallest prime of the form 108n2 f 1 is 109. It gives rise to the 
(109, 18, 3, 8)-addition set (1, 4, 16, 27, 34, 38, 43, 45, 46, 63, 64, 66, 71, 
75, 82, 93, 105, lOS}. Other primes of the same form and less than 10,000 
are 433 and 3889. 
Let us now consider whether the cyclotomic numbers given in (4.1) to 
(4.3) kan be used to establish the existence of a modified residue addition 
set. By Theorem 3.5, we require that 
or that 
p-5+4a+36=p+l-2a, 
a = -5. 
Hence L = 10 which again satisfies the congruence L = 1 (mod 3) and 
the hypothesis that 2 is a cubic residue. From 4p = 100 + 27M2, we have 
p = 25 + 27m2 for some integer y1z. Again m must still be even as 
p = 6f+ 1. Hence p = 25 + 10%~~ for some integer n. We have esta- 
blished another class of addition sets. 
THEOREM 4.2. The 6th power residues and zero of a prime v = 
25 f 10%~~ form an addition set with parameters 
v, k, A, d = lo&z2 + 25, l&z2 + 5, 3n2 + 1, -3n2 
and g is any residue in the index class 3. 
Primes of the form 25 + IO&z2 and less than 10,000 are 457,997 
and 1753. There are nine more that are less than 200,000. 
We will now prove that when 2 is not a cubic residue, there are no 
addition sets. 
If 2 is in the index class 1 or 4, then the cyclotomic numbers (3, 0), 
(3, 1) and (3, 2) are given by 
and 
36(3,0) = p - 5 + 4a - 6b, (4.4) 
36(3, 1) = p + 1 - 2a - 6b, (4.5) 
36(3, 2) = p + 1 - 2a f 12b, (4.6) 
whereL=a-3b,3M=-(afb)andp=a2+3b2. 
If a residue addition set or a modified residue addition set exists, then 
Theorem 3.5 implies that (3, 1) = (3, 2). In this case, this requirement 
implies that b = 0. Hence p = a2, contradicting that p is a prime. 
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If 2 is in the index class 2 or 5, then the cyclotomic numbers (3, 1) and 
(3, 2) are given by 
and 
36(3, 1) = p + 1 - 2a - 12b, (4.7) 
36(3, 2) = p + 1 - 2a + 6b, (4.8) 
where p = a2 + 3b2. 
Again the requirement that (3, 1) = (3,2) leads to the conclusion that 
b = 0 and a contradiction. 
We have now covered all the possible cases for N = 6 and established 
two new classes of addition sets. It should be mentioned that when f is 
odd, there are no difference sets for N = 6 [7]. 
We now prove that there are no residue addition sets or modified residue 
addition sets for N = 8, 10 and 12. 
The cyclotomic numbers of order 8 are listed in [8]. These numbers are 
expressed in terms of p, x, y, a and b in 
p = x2 + 4yz = a2 + 2b2, (x = a = 1 (mod 4)). 
If f is even and 2 is a quartic residue, then the cyclotomic numbers 
(4, 0), (4, l), (4, 2) and (4, 3) are given by 
and 
64(4,0) = p - 7 - 2x f Sa, 
64(4, 1) = p + 1 + 2x - 4a, 




64(4, 2) = p + 1 + 2x - 4a. 
If a residue addition set or a modified residue addition set exists, then 
(4, 1) = (4, 2). Equating (4.10) and (4.11) and solving the equation, we 
have x = a. From the condition that p = x2 + 4y2 = a2 + 2b2, we get 
4y2 = 2b2. The last equality implies that either &! is a rational number 
or y = b = 0, both of which are impossible. 
If f is even and 2 is a quartic nonresidue, then the cyclotomic numbers 
(4, 1) and (4, 3) are given by 
and 
64(4, 1) = p + 1 + 2x - 4a + 16y, 
64(4,3) =pt 1 +2x--a- 16~. 
If (4, 1) = (4, 3) then y = 0. This implies that p = x2, contradicting the 
fact that p is a prime. 
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We have now covered all the cases for f even and N = 8. It should be 
mentioned that when f is odd, residue difference sets and modified residue 
difference sets exist for some primes [7]. 
The cyclotomic numbers of order 10 can be found in [lo]. These numbers 
are expressed in terms of p, x, u, v and w where p is the prime and the rest 
are defined by 
and 
16~ = x2 + 50u2 + 509 + 125w2, (4.12) 
xw = 02 - 4uv - u2. (4.13) 
There are exactly four integral simultaneous solutions of the pair of 
diophantine equations with x uniquely determined by the condition x = 1 
(mod 5). The four solutions are given by (x, U, v, w), (x, -u, -0, w), 
(x, v, -u, -w) and (x, -v, U, -w). There are 10 sets of formulas 
depending on the parity of f and the quintic residue character of 
2 modulo p. 
Let us first consider the case thatfis even and that 2 is a quintic residue 
modulo p. If a residue addition set or a modified residue addition set 
exists, then we must have (5, 1) = (5, 2). These numbers are given in [lo] as 
and 
200(5, 1) = 2p + 2 + x + 25w, 
200(5,2) = 2p + 2 + x - 25~. 
Hence the condition that (5, 1) = (5, 2) implies that w = 0. Hence (4.13) 
implies that 
212 - 4uv - 2.2 = 0. (4.14) 
Equation (4.14) can be rewritten as 
(v - 2u)2 = 5u2. (4.15) 
However, 6 is irrational. Hence we must have both a1 = 0 and 
v - 2~ = 0. But then we have u = v = w = 0 and Eq. (4.12) implies 
that 16p = x2, a contradiction. 
Let us now consider the case that f is even and that 2 is not a quintic 
residue modulo p. Let m be the smallest positive integer such that 01” = 2 
(modp), where 01 is the primitive root that we used to find the cyclotomic 
numbers. 
+za/zo/r -3 
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When nz = 1 (mod 5), the cyclotomic numbers (5, l), (5, 2) and (5, 3) 
are given by 
200(5, 1) = 2p + 2 + x + 50~ + 25w, (4.16) 
400(5,2) = 4p + 4 - 23x + 5021 - 25w, (4.17) 
and 
200(5, 3) = 2p + 2 + x - 25~ - 25~1. (4.18) 
If we set (5, 1) = (5,2) = (5, 3) and solve the set of linear equations, then 
we obtain the relation x = 5(u + v). Hence x is congruent to 0 modulo 5, 
contradicting the requirement that x is congruent to 1 module 5. 
The cyclotomic numbers for m + 1 (mod 5) can be obtained from the 
cyclotomic numbers for m = 1 (mod 5) [see IO]. In fact the numbers 
obtained for (5, l), (5,2) and (5, 3) are similar to the ones given in (4.16) to 
(4.18). A similar proof leads to the contradiction that x is congruent to 
0 modulo 5. Hence we have shown that no residue addition set or modified 
residue addition set exists for N = 10 and f even. In [lo], Whiteman has 
also shown that no residue addition set or modified residue adition set 
exists for N = 10 andf odd. 
When N = 12, there are many more cases to consider. Besides, the sets 
of linear equations one have to solve are bigger too. A computer program 
was written to check all the possible cases forfeven and to reduce the sets 
of linear equation to a simpler form. Based on these results, there are no 
residue addition sets or modified residue addition sets for N = 12 and f 
even. In [ll], Whiteman has shown that there are no addition sets in the 
corresponding case off odd. 
5. CONCLUSION 
The question whether a residue addition set or a modified residue addi- 
tion set exists for a certain even N is part of a bigger question. In the case of 
difference sets, it is known that the index classes 0, 1 and 3 for N = 6 form 
a difference set [3]. We can try to find unions of index classes that form an 
addition set. In fact, the computer program used in solving the case N = 12 
was developed as part of a larger project to try to answer the question of 
unions of index classes. Preliminary results indicate that some unions do 
give new addition sets. As an example, the union of the index classes 0 and 
1 for primes of the form 1 + 12t2 + 4t4 with N = 8 form an addition set 
with the parameters v, k, A, d = 1 + 12t2 + 4t4, 3t2 + t4, t2(3 + t2)/4, 
-t 2(3 + t2)/4. The parameter g can be chosen as any residue in the index 
class 4. The choice of the primitive root is also important because a 
different choice can generate a different index class 1. There exists a choice 
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which makes things work. Primes of this form less than 1,000 are 17,113 
and 433. The table of addition sets in [6] already give us two sets with 
v, k, h = 17, 4, 1: the set A, = (7, 8, 9, 101 with g = 4 and the set A, = 
(1, 4, 13, 16) with g = 2. For u = 17 with N = 8, the union of index 
classes 0 and 1 gives a (17, 4, 1, 4)-addition set A, = {I, 3, 14, 16). In this 
case 8 x A, = A, modulo 17, which does not give a new addition set. 
The other primes, however, do give us new addition sets. As it stands, the 
question of testing addition sets for equivalence is getting more interesting. 
REFERENCES 
1. BAUMERT, L. D., “Cyclic Difference Sets, Lecture Notes in Mathematics,” Vol. 182, 
Springer-Verlag, 1971. 
2. DICKSON, L. E., Cyclotomy, higher congruences and Waring’s problem, Amer. J. 
Math. 57 (1935), 391-424 and 4633474. 
3. HALL, M., JR., A survey of difference sets, Proc. Amer. Math. Sot. 7 (1956), 975-986. 
4. LAM, C. W. H., Rational g-circulants satisfying the matrix equation A” = dI + hJ, 
Ph.D. Thesis, Calif. Inst. of Tech., 1974. 
5. LAM, C. W. H., A generalization of cyclic difference sets I, J. Combirratorial Theory, 
Ser. A 19 (1975), 51-65. 
6. LAM, C. W. H., A generalization of cyclic difference sets II, (to appear). 
7. LEHMER, E., On residue difference sets, Canad. J. Math. 5 (1953), 425-432. 
8. LEHMER, E., On the number of solutions of uis + D = wz (modp), Pac. J. Math. 5 
(1955), 103-118. 
9. STORER, T., “Cyclotomy and Difference Sets,” Markham, Chicago, 1967. 
10. WHITEMAN, A. L., The cyclotomic numbers of order ten, Proc. Sym. in Appl. Math. 
10 (1960), A.M.S., 95-111. 
11. WHITEMAN, A. L., The cyclotomic numbers of order twelve, Acta Arith. 6 (1960), 
53-76. 
